Abstract Let π −→ X be a principal elliptic fibration over a Kähler base X. We assume that the Kähler form on X is lifted to an exact form on M (such fibrations are called positive). Examples of these are regular Vaisman manifolds (in particular, the regular Hopf manifolds) and Calabi-Eckmann manifolds. Assume that dim M > 2. Using the KobayashiHitchin correspondence, we prove that all stable bundles on M are flat on the fibers of the elliptic fibration. This is used to show that all stable vector bundles on M take form L ⊗ π * B 0 , where B 0 is a stable bundle on X, and L a holomorphic line bundle. For X algebraic this implies that all holomorphic bundles on M are filtrable (that is, obtained by successive extensions of rank-1 sheaves). We also show that all positive-dimensional compact subvarieties of M are pullbacks of complex subvarieties on X.
Introduction
Let M be a compact complex manifold, and M π −→ X a smooth holomorphic fibration. Assume that an elliptic curve (considered as a complex Lie group) acts on M holomorphically. Assume, moreover, that this action is free and transitive on the fibers of π. Then π : M −→ X is called a principal elliptic fibration. The fibers of π are identified (non-canonically) with T .
This terminology is somewhat misleading, as in algebraic geometry one says "elliptic fibraion" speaking of a fibration with a section. However, a principal bundle with a section is trivial, hence we use (following [BM2] , [BM1] ) the term "principal elliptic fibration" used to describe something which should be more properly called "a 1-dimensional torus principal bundle".
In physics, the same object is usually called "a T 2 -bundle". There is a great body of literature studying these manifolds in physical context, see e.g. [CCD] , [GP] and the references therein. One usually considers a principal elliptic fibraion over a 2-dimensional Calabi-Yau manifold, equipped with a Hermitian metric, such that its Bismut connection has holonomy SU (3). 1 Such manifolds appear as a background for the heterotic string in the presence of fluxes.
Examples of principal elliptic fibrations are very common in complex geometry (take, for instance, the Hopf surface C 2 \0/ q , fibered over CP 1 with a fiber C * / q , where q ∈ C, |q| > 1). For more examples see Subsection 2.1. The Hopf surface M is clearly homeomorphic to S 1 × S 3 . Since H 2 (M ) = 0, it is not Kähler. This is a general phenomenon. Unless π is trivialized after taking a finite cover, the total space M of a principal elliptic fibration is not Kähler.
In this paper we are interested in the so-called positive principal elliptic fibrations (Definition 2.1). These are the fibrations with the Kähler base X, such that some Kähler form ω X on X is lifted to an exact form on M . Heuristically this means that the fibration M π −→ X is positive in the sense of complex algebraic geometry (see Remark 2.4 for a more detailed explanation). From the positivity one obtains that M admits an exact positive 2-form π * ω X with all eigenvalues strictly positive except one.
In [Ve] , [OV2] such form was used in Vaisman geometry to obtain Kodaira-type embedding theorem, several Kodaira-Nakano-type vanishing results and a study of compact subvarieties of a Vaisman manifold. We apply a similar reasoning to positive elliptic fibrations. Using the Kobayashi-Hitchin correspondence (Subsection 3.2), we obtain the following theorem.
be a positive principal elliptic fibration, (B, ∇) a Hermitian-Einstein bundle on M , and Θ ∈ Λ 1,1 (M ) ⊗ End(B) its curvature. Assume that n 3. Then Θ(v, ·) = 0 for any vertival tangent vector v ∈ T π M .
Proof: This is Theorem 4.3.
For a definition of stability and Hermitian-Einstein connections see Section 3. Theorem 1.1 implies the following corollary. Proposition 1.2: Let T be an elliptic curve, and M π −→ X a positive principal T -fibration, equipped with a preferred Hermitian metric. The universal coveringT acts on M in a standard way (its action is factorized through T ). Consider a stable bundle B on M . Then B is equipped with a natural holomorphicT -equivariant structure.
Proof: This is Proposition 4.6.
A similar argument proves Proposition 1.3: Let M π −→ X be a positive principal elliptic fibration, and Z ⊂ M a closed positive-dimensional subvariety. Then Z = π * (Z 0 ) for some complex subvariety Z 0 ⊂ X.
Proof: This is Proposition 4.5.
Applying theT -equivariant structure arising on stable bundles, the following structure theorem is obtained Proof: This is Theorem 6.1.
We also show that all coherent sheaves on M are filtrable, that is, obtained as successive extensions of rank 1 sheaves (Theorem 6.5).
Principal elliptic fibrations

Positive elliptic fibrations: definition and examples
Throughout this paper, M is a compact complex manifold, X a Kähler manifold, T an elliptic curve, and M π −→ X a principal T -fibration Definition 2.1: A fibration is called positive if the pullback π * ω X is exact, for some Kähler form ω X on X.
Principal toric fibrations, their invariants, topology and Dolbeault cohomology are thoroughly analyzed in the excellent paper [Hö] . For our purposes, the most important examples are the following.
Example 2.2: Regular Vaisman manifolds are principal elliptic fibrations constructed the following way (see e.g. [DO] , [OV2] ). Take a projective manifold X, and let L be an ample line bundle on X. Consider the spacẽ M := Tot(L * \0), which is a total space of the dual bundle L * without the zero section. ThenM is a principal C * -bundle over X. Fix q ∈ C, |q| > 1, and let M :=M / ∼ q , be the quotient ofM under the equivalence v ∼ qv, v ∈ L * \0. Then M is a principal elliptic bundle, with a fiber T = C * / q . The positivity of M is elementary (see e.g. [Ve] or [OV2] ).
Vaisman manifolds were studied in great detail by I. Vaisman (see e.g. [Va1] ), under the name of generalized Hopf manifolds. Remark 2.3: A special case of the above example is a regular Hopf manifold M ∼ = S 2n−1 × S 1 , obtained as a quotient of C n \0 under an equivalence generated by v −→ qv. Clearly, M is fibered over CP n−1 , with a fiber T = C * / q . Regular Hopf manifold is obtained if one applies the construction of Example 2.2 to X = CP n−1 , L = O(1).
Remark 2.4: Taking an arbitrary line bundle L on a Kähler manifold X and applying the same construction as above, we obtain a principal toric bundle as well. It will be positive in the sense of Definition 2.1 if and only if the bundle L is positive, as one can easily see from the exact sequence associated with the fibration in [Hö] 
The second arrow of (2.1) is a standard pullback map, and the transgression δ maps one of the generators of H 1 (T ) to zero, the other to c 1 (L).
Example 2.5: The Calabi-Eckmann manifolds M ∼ = S 2n+1 × S 2m+1 are fibered in standard way over CP n × CP m (the spheres S 2n+1 , S 2m+1 are fibered over CP n , CP m by the way of the Hopf fibration). The complex structure on M is constructed as follows. Fix a number τ ∈ C\R. Consider the action of an additive group C on C n+1 \0) × (C m+1 \0,
This action is clearly holomorphic, and the quotient space M is naturally identified with S 2n+1 × S 2m+1 ; 1 moreover, M is equipped with a natural holomorphic projection M π −→ CP n × CP m . The fibers of π are identified with C/ 1, τ . It is not difficult to see that M is a principal elliptic fibration. Since H 2 (M ) = 0, M is obviously positive.
Preferred Hermitian metrics
Let M π −→ X be a principal elliptic fibration. As always, we assume that M is compact. By Blanchard's Theorem, unless π is trivialized on a finite covering, M is non-Kähler (see e.g. [Hö] ). If M is positive, the pullback of a Kähler metric becomes exact, hence π cannot be trivialized. Therefore, a positive principal elliptic fibration is never Kähler.
We shall always assume that M is equipped with a special kind of Hermitian metric, defined as follows.
Recall that the smooth surjective map π : (M, g) −→ (X, g X ) of Riemannian manifolds is called Riemannian submersion if its differential dπ 1 To see this isomorphism, take a Hermitian metric on C n+1 , C m+1 . Then |e t v1| = |e tτ v2| = 1 if and only if Re(t) = log |v1|, Re(τ t) = log |v2|. Since τ / ∈ R, such t exists and is clearly unique.
induces an isometry dπ : T π M ⊥ −→ T X, where T π M denotes the space of vertical tangent vectors, and T π M ⊥ is orthogonal complement. Definition 2.6: Let T be an elliptic curve, and M π −→ X a positive principal T -fibration. Consider a Kähler metric g X on X, such that the pullback π * ω X of the corresponding Kähler form is exact. A Hermitian metric g on M is called preferred if g is T -invariant, and the projection
Clearly, preferred Hermitian metrics always exist.
Remark 2.7: Let M be a regular Vaisman manifold from Example 2.2, and τ ∈ T M the real vector field which is tangent to the map v −→ λv, λ ∈ R, v ∈ L * . Then M admits a Hermitian metric g for which τ acts by isometries, and, moreover, ∇ LC τ = 0 for the Levi-Civita connection associated with this metric. In terminology used in Vaisman geometry, g is called the locally conformally Kähler Gauduchon metric, and τ the Lee field ( [DO] ). From the condition ∇ LC τ = 0 one immediately obtains that π : (M, g) −→ (X, g X ) is a Riemannian submersion (see e.g. [OV1] ). By construction, τ is a generator of the Lie algebra of T . Since τ acts by isometries, g is T -invariant. We obtain that the locally conformally Kähler Gauduchon metric on a regular Vaisman manifold is a preferred one.
Stable bundle on Hermitian manifolds
In this section, we recall the necessary definitions and explain the KobayashiHitchin correspondence on non-Kähler manifolds. We follow [LT1] and [LT2] .
Gauduchon metrics and stability
Definition 3.1: Let (M, g) be a Hermitian manifold, and ω ∈ Λ 1,1 (M ) its Hermitian form. We say that g is a Gauduchon metric if ∂ * ∂ * ω = 0, or,
Recall that the metrics g, g ′ on M are called conformally equivalent
) be a compact Hermitian manifold. Then there exists a unique Gauduchon metric g ′ which is conformally equivalent to g. Definition 3.3: Let M be a compact complex manifold equipped with a Gauduchon metric, and ω ∈ Λ 1,1 (M ) the corresponding Hermitian form. Consider a torsion-free coherent sheaf F on M . Denote by det F its determinant bundle. Pick a Hermitian metric ν on det F , and let Θ be the curvature of the associated Chern connection. We define the degree of F as follows:
deg
This notion is independent from the choice of the metric ν. Indeed, if ν ′ = e ψ ν, ψ ∈ C ∞ (M ), then the associated curvature form is written as Θ ′ = Θ + ∂∂ψ, and
If F is a Hermitian vector bundle, Θ F its curvature, and the metric ν is induced from F , then Θ = Tr F Θ F . In Kähler case this allows one to relate degree of a bundle with the first Chern class. However, in non-Kähler case, the degree is not a topological invariant -it depends fundamentally on the holomorphic geometry of F . Moreover, the degree is not discrete, as in the Kähler situation, but takes values in continuum.
Further on, we shall see that one can in some cases construct a holomorphic structure of any given degree λ ∈ R on a fixed C ∞ -bundle. In our examples, such holomorphic structures are constructed on a topologically trivial line bundle over a positive principal elliptic fibration (Remark 5.4). 
Kobayashi-Hitchin correspondence
The statement of Kobayashi-Hitchin correspondence is translated to the Hermitian situation verbatim, following Li and Yau ([LY] ). Theorem 3.7: (Kobayashi-Hitchin correspondence) Let B be a holomorphic vector bundle on a compact complex manifold equipped with a Gauduchon metric. Then B admits a Hermitian-Einstein connection ∇ if and only if B is polystable. Moreover, the Hermitian-Einstein connection is unique.
Proof: See [LY] , [LT1] , [LT2] .
Remark 3.8: The bundle B is stable if and only if the corresponding Hermitian-Einstein bundle (B, ∇) cannot be decomposed onto a direct sum of sub-bundles. In this case, the Hermitian-Einstein metric is defined by the connection uniquely up to a constant multiplier. Proof: Consider the orthogonal decomposition T M = T π M ⊕ T π M ⊥ of the tangent bundle onto its vertical component and its orthogonal complement. We write the Hermitian form ω as ω = ω 0 + ω T , where ω 0 vanishes on T π M and ω T vanishes on T π M ⊥ . Since π is a Riemannian submersion, ω 0 = π * ω X , where ω X is a Kähler form on X. This implies
On the other hand, ∂ * ∂ * ω T can be computed by restricting ω T to the fibers π −1 (x) of π and computing
) also vanishes, and we have
Primitive forms on positive principal elliptic fibrations
Let B 0 be a vector bundle with connection, and η a B 0 -valued form. Then η is called closed if ∇η = 0, where
is the connection operator extended to forms by the Leibniz rule. The curvature form of a connection is closed, by Bianchi identity. Further on in this section, we shall need the following result. Proof: Since the connection ∇ is Hermitian, it preserves the natural real structure in Λ 1,1 (M )⊗End(B), η⊗b −→ η⊗b ⊥ , where by b ⊥ one understands the Hermitian adjoint endomorphism. Therefore, we may assume that Θ is real, with respect to this real structure.
Let θ, θ 1 , ..., θ n−1 be an orthonormal basis in Λ 1,0 (M ), with θ ∈ T π M ,
2) with b ij , b i , a i , a ∈ u(B) being skew-Hermitian endomorphisms of B.
Consider now the form ω 0 := π * ω X . This form is exact, positive, and has n − 1 strictly positive eigenvalues. Using the basis described above, we can write
where ω is the Hermitian form of M . This follows directly from ω being a preferred Hermitian form. Let Ξ := Tr(Θ∧Θ). This is a closed (2,2)-form on M . Then (4.1) implies
On the other hand, a i + a = ΛΘ = 0, hence
Since Tr(−a 2 ) is a positive definite form on u(B), the integral
is non-negative, and positive unless b i and a both vanish everywhere. Using n > 2, we find that (4.3) vanishes, because ω 0 is exact and Ξ is closed. Therefore, b i and a are identically zero, which is exactly the claim of Proposition 4.2 
The Lübke-type positivity for Hermitian-Einstein bundles
Complex subvarieties in positive principal elliptic fibrations
A similar argument proves the following result.
Proposition 4.5: Let M π −→ X be a positive principal elliptic fibration, and Z ⊂ M a closed positive-dimensional subvariety. Then Z = π * (Z 0 ) for some complex subvariety Z 0 ⊂ X.
Proof:
The proof is taken from [Ve] verbatim, where the same result was proven for Vaisman manifolds.
It is well known that
for all complex subvarieties Z ⊂ M , dim C Z = k, and all positive forms ω 0 . Moreover, the integral (4.4) vanishes if and only if Z is tangent to the null-space foliation of ω 0 . Since ω 0 is exact, the integral (4.4) vanishes. Therefore, Z is tangent to the null-space foliation of ω 0 . This implies Z is tangent to the fibers of π. Proposition 4.6: Let T be an elliptic curve, and M π −→ X, dim C M 3 a positive principal T -fibration, equipped with a preferred Hermitian metric. The universal coveringT acts on M in a standard way (its action is factorized through T ). Consider a stable bundle B on M . Then B is equipped with a natural holomorphicT -equivariant structure.
Equivariance of stable bundles
Proof: Let ∇ be a Hermitian-Einstein connection on B, and τ a holomorphic vector field tangent to the action of T . Consider the operator ∇ τ : B −→ B. Since the curvature of B vanishes on τ , ∇ τ is holomorphic. For any λ ∈ C the operator e λ∇τ of parallel translation along τ defines a holomorphicT -equivariant structure on B.
Remark 4.7: The same argument implies that a stable bundle on a Vaisman manifold is always equivariant with respect to the action of the Lee field (see e.g. [DO] , [OV2] for details).
Line bundles on principal elliptic fibrations
Let T be an elliptic curve and M π −→ X a positive principal T -fibration, equipped with a preferred Hermitian metric. Any line bundle L on M is stable. From Proposition 4.6 we obtain a naturalT -equivariant structure on L, and from Theorem 4.3 a connection ∇ which is flat on the fibers of π. Monodromy of this connection is related to theT -equivariant structure as follows. Let Γ be the kernel of the natural projectionT −→ T , Γ = π 1 T ∼ = Z 2 . Using theT -equivariant structure, we find that Γ acts on L by automorphisms. This action coincides with the monodromy of ∇ along the fibers of π.
The group of holomorphic automorphisms of L is identified with C * , therefore the monodromy map acts as a character χ : Γ −→ C * . Since Γ is a monodromy of a Hermitian connection, χ takes values in U (1). We denote this character by χ L : Γ −→ U (1).
It turns out that any character can be realized by some line bundle. The following proposition is the main result of this section. Proof: Consider the commutative diagram with exact rows coming from the exponential exact sequence
The characters χ : Γ −→ U (1) are in bijective correspondence with the bundles from P ic 0 (T ), and the correspondence is provided by a unique flat connection on every L ∈ P ic 0 (T ) (this follows e.g. from the Kobayashi-Hitchin correspondence on elliptic curce). Therefore, to prove Proposition 5.1 it is sufficient and necessary to show that the natural arrow P ic 0 (M ) −→ P ic 0 (T ) is surjective. As one can see from (5.1), this is implied by surjectivity of the natural restriction map
Since dim H 1 (T, O T ) = 1, it is actually sufficient to show that (5.2) is nontrivial. Looking again on (5.1), we find that to show non-triviality of (5.2) it is sufficient to prove that P ic 0 (M ) −→ P ic 0 (T ) is non-trivial. We reduced Proposition 5.1 to the following lemma is independent from the choice of x ∈ X (the fibers of π are naturally identified because the π is a principal fibration).
Proof of Lemma 5.2: Consider a trivial line bundle L triv on M with trivial flat connection ∇ triv . Let θ be a 1-form which satisfies dθ = ω 0 , where ω 0 = π * ω X is the pullback of the Kähler form on X.
Consider the connection ∇ 0 = ∇ triv + θ on L triv . By definition, the curvature of ∇ 0 is equal ω 0 . Therefore, (∇ 0,1 0 ) 2 = 0, and ∇ 0 defines a holomorphic structure on L triv . Denote the corresponding holomorphic line bundle by L 0 . The degree of L 0 is easy to compute:
and this number is clearly positive. Therefore, L 0 is a non-trivial holomorphic bundle. Lemma 5.2 is proven. We proved Proposition 5.1.
Remark 5.4: Let q ∈ R be a number. Consider the connection ∇ ′ = ∇ triv + qθ on L triv . Clearly, its curvature is equal qω 0 . Therefore, ∇ ′ defines a holomorphic structure on L triv . Denote the corresponding holomorphic bundle by L(q). From (5.3) we obtain that deg L(q) = q deg L. Therefore, the trivial C ∞ -bundle L triv admits holomorphic structures of any given degree.
6 Structure theorem for stable bundles 6.1 EquivariantT -action and the stable bundles
The main result of this paper is the following theorem. Proof: As Proposition 4.6 implies, B isT -equivariant. The kernel Γ of the natural projectionT −→ T acts on B by holomorphic automorphisms. Since B is stable, all its automorphisms are proportional to identity. Therefore, Γ acts on B by characters χ : Γ −→ C * . Since χ can be obtained via monodromy of the Hermitian-Einstein connection, χ takes values in U (1). Let L be a line bundle on M which isT -equivariant and has the same monodromy action (such line bundle exists by Proposition 5.1). Then B ⊗ L −1 has trivial monodromy on the fibers of π. Clearly, B ⊗ L −1 = π * B 0 for some holomorphic bundle B 0 on X. Since L is by construction Hermitian-Einstein, the same is true for B ⊗ L −1 and for B 0 (the last assertion is true because π is a holomorphic Riemannian submersion). We proved Theorem 6.1.
Remark 6.2: In [BS] S. Bando and Y.-T. Siu developed Kobayashi-Hitchin correspondence for reflexive coherent sheaves. Using these results, it is easy to extend Theorem 6.1 for reflexive coherent sheaves. We obtain that any stable reflexive coherent sheaf F on M is isomorphic to L ⊗ π * F 0 , where F 0 is a stable reflexive coherent sheaf on X.
6.2 Filtrable coherent sheaves on positive elliptic fibrations On a quasiprojective variety Z, every coherent sheaf is filtrable. This is not true if Z is not algebraic, as the following example shows.
Example 6.4: Let M be a K3 surface with P ic(M ) = 0 (generic nonalgebraic K3 surfaces have P ic(M ) = 0). Since all line bundles on M are trivial, no stable vector bundle B, rk B > 1 can be filtrable. However, the tangent bundle T M is stable, because it is Hermitian-Einstein. Therefore, T M is not filtrable.
Theorem 6.5: Let M π −→ X be a positive principal elliptic fibration, dim M 3. Assume that X is projective. Then all coherent sheaves on M are filtrable.
Proof: Let F be a coherent sheaf on M . Using the Harder-Narasimhan filtration ( [Br] ), we reduce Theorem 6.5 to the case when F is semistable. Using the Jordan-Hölder filtration, we reduce it to the case when F is a stable reflexive sheaf. By Theorem 6.1 (see Remark 6.2), F = π * F 0 ⊗ L, where F 0 is a stable reflexive sheaf on X. Since X is projective, F 0 is filtrable. Then F is also filtrable. We proved Theorem 6.5. and physical background of this geometry. Tony also found an error in a preliminary version of this paper. My gratitude also to F. Bogomolov and D. Kaledin, who gave me important insights on the geometry of Bott-Samelson manifolds.
